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Abstract We propose a wavelet method to analyze the stochastic-elastic problem
of speciﬁc adhesion between two elastic solids via ligand-receptor bond clus-
ters, which is governed by a nonlinear integro-differential equation with a sin-
gular Cauchy kernel to describe the mean-ﬁeld coupling between deformation of
elastic materials and stochastic behavior of the molecular bonds. To solve this
problem, Galerkin method based on a wavelet approximation scheme is adopted,
and special treatment which transforms the singular Cauchy kernel into a smooth
one has been proposed to avoid the cumbersome calculation of singular integrals.
Numerical results demonstrate that the method is fully capable of solving the spe-
ciﬁc adhesion problems with complex nonlinear and singular equations. Based on
the proposed method, investigations are performed to reveal the relation between
steady-state pulling force and mean surface separation under different stress con-
centration indexes, which is crucial for assembling the overall constitutive rela-
tions for multicellular tumor spheroids and polymer-matrix microcomposites.
c© 2014 The Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1404109]
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Biological cells must adhere to an extracellular matrix (ECM) or other cells to perform their
physiological functions like differentiation, spreading, and healing.1 For instance, tumor cells
usually live in an environment formed by other host cells, ECM and extracellular liquid,2,3 whose
duplication, reorganization, and deformation are deeply affected by the adhesion molecules which
bind them together by exerting force of measurable strength;3 ECM elasticity signiﬁcantly affects
the integrin activation in bone marrow mesenchymal stem cells, as experimentally conﬁrmed by
Du et al.,4 and theoretically explained by Xu et al.5 Lifetime for individual molecular bonds is
usually very short.6–9 When many single bonds form into a molecular bond cluster, the lifetime
becomes much longer due to stochastic group effects. Qian et al.10,11 have investigated how the
lifetime of such a cluster is affected by the elastic property of the cell-substrate system through
Monte Carlo simulations. This ﬁnding is consistent with the fact that cells may strongly respond
to changes in cellular and environmental stiffness. To gain further insight into this issue, for a
speciﬁc adhesion system with two elastic solids contacted via a molecular bond cluster, Wang
and Gao12 and Wang et al.13 have proposed an analytical model by considering the mean-ﬁeld
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stochastic-elastic coupling to investigate the dependence of adhesion strength on the cluster size
and interfacial shape.
However, the above progress is still far from enough towards the fully understanding of
mechanisms on cell adhesion. One subject connected to this study is the force-separation rela-
tion between adhered cells in a multi-cellular biological medium, such as multi-cellular tumor
spheroids,14,15 and other tissues.16 Studies have demonstrated that adhesive forces between cell-
substratum and cell-cell critically determines the organization, ultimate morphology, and cytoar-
chitecture formed by liver tissue cells.16 Quantitative study on constitutive relations of multi-
cellular biological systems will help us to understand the mechanism of the tumor growth,14,15
in which cell adhesion plays a vital role. However, the governing equations of the speciﬁc ad-
hesion model of cellular interactions proposed by Wang and Gao12 and Wang et al.13 consist of
one nonlinear integro-differential equation with singular Cauchy kernel and one strong nonlinear
differential equation. Therefore, how to efﬁciently and precisely solve these equations becomes
crucially important for the understanding of the adhesion behavior of the system.
For linear integro-differential equations with singular Cauchy kernel, approximate solutions
can be obtained by using numerical methods based on the so-called airfoil polynomials17 and
Legendre polynomials.18 For coupled nonlinear singular integro-differential equations, the power
series based iterative algorithm has been adopted by Wang and Gao12 and Wang et al.13 Appli-
cations of this method involves the calculation of a number of Cauchy type singular integrals,
which usually needs sophisticated mathematical skills. In order to avoid this cumbersome situa-
tion and establish a generally efﬁcient mathematical tool to solve a broad range of strong nonlinear
mathematical problems arising from molecular and cellular biomechanics studies, we adopt a re-
cently developed wavelet based numerical method for the solution of the adhesion problems in
the present study. For the differential equations, such a method has been demonstrated very ef-
ﬁcient and accurate no matter the nonlinearity of the equations are weak or strong, in contrast to
conventional approaches for nonlinear problems, which may be valid only for speciﬁc individual
problems. This outstanding characteristic of the wavelet method can be ascribed to the fact that
the method is established based on a modiﬁed wavelet approximation scheme of square-integrable
functions, which allows each expansion coefﬁcient being explicitly expressed by a single-point
sampling of the function being approximated.19,20 For the singular Cauchy kernel in the equations,
a mathematical technique is proposed to change it step-by-step into a smooth one.
In the present study, we adopt the stochastic-elastic model of Wang and Gao12 for the mean-
ﬁeld description of speciﬁc adhesion of soft elastic media via clusters of molecular bonds. Fig-
ure 1 shows the adhesion of two elastic half-spaces contacting through a cluster of ligand-receptor
bonds, which forms an adhesion patch with size 2a and stretched by a remotely applied force P
(per unit out-of-plane thickness). We neglect such non-speciﬁc interactions as the van der Waals
force. Cartesian coordinates (x, z) are located at the middle of the adhesion region of the lower
elastic half-space. We assume that the initial bond density distribution ρ0 is a constant, while the
density of the closed bonds is denoted as ρb(x, t).
The Young’s modulus, Poisson’s ratio, and vertical displacements of the lower and upper
elastic half-spaces are denoted as E1, E2, ν1, ν2, and u1, u2, respectively. Continuum contact
mechanics is applied to model the deformation of elastic media. Then the relation between normal
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Fig. 1. Schematic plot of two elastic half-spaces connected via a cluster of ligand-receptor bonds.
traction along the interface and the surface separation u= u2−u1+h can be written as12,21
∂u
∂x
=
2
πE∗
∫ a
−a
p(s)
x− s ds+
dh
dx
, (1)
where 1/E∗ = (1−ν21 )/E1+(1−ν22 )/E2.
Deﬁne the mean surface separation as ua = [1/(2a)]
∫ a
−a udx. In this study, we consider the
closed bonds as Hookean springs of stiffness ξ . Within the adhesion region, we have normal
interfacial traction as p(x) =−ξρbu, and the total adhesion force as
P=
∫ a
−a
p(x)dx=
∫ a
−a
ξρbudx. (2)
Following Bell,9 the association and dissociation kinetics of the bonds can be described by
dρb/dτ = γ(ρ0(x)−ρb(x,τ))− eξu/Fbρb(x,τ), (3)
in which τ = k0t represents the normalized time, γ the dimensionless rebinding rate of each pair
of open bonds, k0 the dissociation rate of a closed bond under no applied force. The parameter Fb
is a reference force scale about 4 pN. When the steady state is considered, Eq. (3) can be reduced
to
ρb = γρ0
/(
γ+ eξu/Fb
)
. (4)
We deﬁne dimensionless variables as follows
uˆ=
uξ
Fb
, r =
x
a
, ρˆ =
ρb
ρ0
, hˆ=
h
a
, α =
ξaρ0
E∗
, Pˆ=
P
aρ0Fb
, β =
E∗
ρ0Fb
, (5)
where the dimensionless parameter α has been recognized as the so-called stress concentration
index. It can be seen from Eq. (5) that α is proportional to the bond density, bond stiffness,
the adhesion size, and the inverse of the effective elastic modulus. Numerical solutions12 have
shown that, for α < 0.1, the stress along the interface appears very uniform, while it becomes
concentrated to the adhesion edge for α > 1.
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Based on Eq. (5), Eqs. (1), (2), and (4) can be reduced to
∂ uˆ
∂ r
=−2α
π
∫ 1
−1
ρˆ uˆ
r− s ds+βα
dhˆ
dr
, (6)
Pˆ=
∫ 1
−1
ρˆ uˆdr, (7)
ρˆ = γ/(γ+ euˆ). (8)
Considering the cases for small stress concentration index α , then we have ∂ uˆ/∂ r ≈ 0, or
uˆ≈ const. This will further lead to ρˆ ≈ const. and
Pˆ= 2γ uˆa/(γ+ euˆa), (9)
which gives the relation between steady-state pulling force and the mean surface separation at
small α .
When the pulling force is small, Taylor-series expansion of the right side of Eq. (9) gives a
linear relation between the normalized pulling force and the averaged separation between the two
opposing surface as Pˆ= 2γ uˆa/(γ+1).
In order to solve Eqs. (6)–(8), we deﬁne x¯ = 2r− 1. By applying integration in terms of
variable x¯ to Eq. (6), we can transform the Cauchy kernel into a weakly singular logarithm kernel
as follows
uˆ(x¯)− uˆ(0)+ 4α
π
∫ 1
0
ρˆ(uˆ)uˆ(y¯) ln |x¯− y¯| dy¯− 4α
π
∫ 1
0
ρˆ(uˆ)uˆ(y¯) ln y¯dy¯=
βα hˆ(x¯)−βα hˆ(0). (10)
Deﬁne a new function as s1(x¯, y¯) =
∫
ln |x¯− y¯|dy¯. After performing integration by parts to the
logarithm kernel, then Eq. (10) can be changed into
uˆ(x¯)− 4α
π
ρˆ(uˆ(0))uˆ(0)I(x¯,0)− 4α
π
∫ 1
0
I(x¯, y¯)
d
dy¯
(ρˆ(uˆ)uˆ)dy¯+ c1 = βα hˆ(x¯), (11)
where the kernel I(x¯, y¯) = s1(x¯, y¯)− s1(x¯,1) is a smooth function, c1 is a constant. Equations (7)
and (11) form a well-posed problem.
Based on the work of Wang,22 for a function f (x) ∈ L2[0,1], we have
f (x)≈ Pnx f (x) =
2n
∑
k=0
f
(
k
2n
)
ϕn,k(x), x ∈ [0,1], (12)
in which ϕn,k(x) = ∑−1i=2−3N+M1 T0,k(i/2
n,β 0)φ(2nx− i+M1)+φ(2nx− k+M1) for k ∈ [0,3],
ϕn,k(x) = φ(2nx − k + M1) for k ∈ [4,2n − 4], ϕn,k(x) = ∑2
n−1+M1
i=2n+1 T1,2n−k(i/2
n,β 1)φ(2nx −
i+M1) + φ(2nx− i+M1) for k ∈ [2n − 3,2n] and φ(x) is the generalized Coiﬂet-type or-
thogonal scaling function developed by Wang,22 Supp(φ(x)) = [0,3N − 1], and T0,k(x,β 0) =
∑3i=0β0,i(ζ0,i,k/i!)xi, T1,k(x,β 1) = ∑
3
i=0β1,i(ζ1,i,k/i!)(x− 1)i, β 0 = {β0,i = 1}, β 1 = {β1,i = 1},
041009-5 Wavelet method applied to speciﬁc adhesion of elastic solids via molecular bonds
i= 0,1,2,3, where ζ 0 =
{
2−inζ0,i,k
}
and ζ 1 =
{
2−inζ1,i,k
}
, i,k = 0,1,2,3, are given by Wang22 as
ζ 0 =
⎡
⎢⎢⎢⎢⎢⎣
1 0 0 0
−11/6 3 −3/2 1/3
2 −5 4 −1
−1 3 −3 1
⎤
⎥⎥⎥⎥⎥⎦
, ζ 1 =
⎡
⎢⎢⎢⎢⎢⎣
1 0 0 0
11/6 −3 3/2 −1/3
2 −5 4 −1
1 −3 3 −1
⎤
⎥⎥⎥⎥⎥⎦
. (13)
In order to employ the wavelet Galerkin method, we need to apply Eq. (12) to approximate
various functions in Eqs. (7) and (11) as uˆ(x¯) ≈ ∑2nk=0 uˆkϕn,k(x¯), hˆ(x¯) ≈ ∑2
n
k=0 hˆkϕn,k(x¯), I(x¯,0) ≈
∑2
n
k=0 I(x¯k,0)ϕn,k(x¯), I(x¯, y¯)≈∑2
n
k=0∑
2n
j=0 I(x¯k, y¯ j)ϕn,k(x¯)ϕn, j(y¯), dρˆ(uˆ)uˆ/dy¯≈∑2
n
i=0 ρˆ(uˆi)uˆiϕ ′n,i(y¯).
Substituting the above expansions into Eqs. (7) and (11), and applying Galerkin method,
yields
Ax− (4α/π)By+Dc1 = βαQ, DTy = Pˆ/2, (14)
where matrices, A = {al,k =
∫ 1
0 ϕn,l(x¯)ϕn,k(x¯)dx¯}, B = AIM , except for its ﬁrst vector Bl,1 =
AIM j,1+AIk,1, I = {Ik, j = I(x¯k, y¯ j)},M = {mj,i =
∫ 1
0 ϕ ′n,i(y¯)ϕn, j(y¯)dy¯},D = {dl =
∫ 1
0 ϕm,l(x¯)dx¯},
vectors x = {uˆk = uˆ(k/2n)}, y = {ρˆ(uˆi)uˆi},Q = hA, h = {hk = hˆ(x¯k)}, l,k, j, i= 0,1, · · · ,2n. The
generalized connection coefﬁcient mj,i, al,k, and dl can be obtained exactly by using the procedure
suggested by Wang.22 Equation (14) is a set of nonlinear algebraic equations with 2n + 2 unknown
variables.
In order to justify the proposed wavelet Galerkin algorithm, we consider the solution of the
following integro-differential equation with the same singular kernel as in Eq. (6)
d f (r)
dr
−λ
∫ 1
−1
f (s)
r− s ds= 2r(1+λ )+λ (1− r
2) ln
1+ r
1− r ,
∫ 1
−1
f (r)dr =−4
3
. (15)
It can be easily veriﬁed that the exact solution of Eq. (15) is f (r) = r2 − 1. Figure 2 shows the
absolute error of the numerical solution obtained by using the wavelet method for different values
of λ ; with an increase of λ , the singularity of the equation can be enhanced accordingly. It can
be seen from Fig. 2 that the maximum error of the proposed wavelet Galerkin method can keep
below 0.1% when λ becomes large.
Organic tissues are usually made up of different types of cells and the components that con-
stitute the extracellular matrix. When the mechanical properties of these tissues including tumors
are studied, quantitative descriptions on the individual adhesive interactions between adjacent
cells or between cells and the ECM become crucial. As a mean-ﬁeld approximation, we consider
the force-separation relation between two elastic solids contacted via a cluster of ligand-receptor
bonds as shown in Fig. 1. Figure 3 plots the relation between the steady-state pulling force and
the mean surface separation for the adhesion system. It can be seen from Fig. 3 that the force-
separation relation is obviously nonlinear. When the stress concentration index α is less than 1,
this relation is in good agreement with the limiting analytical relation of Eq. (9). The relation starts
to deviate signiﬁcantly from the analytical relation when the stress concentration index α reaches
2.5. In our previous studies,12 we have demonstrated that α can be viewed as an index to indicate
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how the interfacial traction is distributed. As shown in Fig. 4, increasing α can lead to stress
concentration near the edge of the contact region. If α is much smaller than 1, the distribution of
interfacial traction becomes nearly uniform. Therefore, more uniform distribution of the interfa-
cial traction corresponds to better agreement between the numerically obtained force-separation
relation and the analytical formula of Eq. (9).
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In conclusion, we have developed a wavelet Galerkin method for the analysis of the spe-
ciﬁc adhesion between two soft elastic media via clusters of ligand-receptor bonds. This method
can efﬁciently and accurately deal with the nonlinear Cauchy type singular integrals, providing
a promising numerical tool to study a broad range of biomechanics problems with features of
strong nonlinearity and singularity. By using the proposed wavelet method, we have numerically
obtained the nonlinear force-separation relations for the speciﬁc adhesion systems. In the limiting
cases of the stress concentration index being much smaller than 1, this relation has been derived
analytically. This study is crucial for assembling the overall constitutive relations from biological
tissues including tumors to polymer-matrix microcomposites, etc.
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